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We construct all the possible non-relativistic, non-trivial, Galilei and Carroll k-
contractions also known as k-1 p-brane contractions of the Maxwell algebra in D+ 1
space-time dimensions. k has to do with the number of space-time dimensions one
is contracting. For non-trivial solutions, we mean the ones with a non-abelian
algebra of the momenta. We find in both cases, Galilei and Carroll, eight non
trivial solutions. We also study the electromagnetic properties of the solutions,
defined according to the scaling performed on the generators present in the Maxwell
algebra. We find that besides the electric and magnetic contractions studied in the
literature for k = 1, that are related to the magnetic and electric limit of the free
Maxwell equations, there also exist contractions where the two types of fields are
scaled in the same way.
I. INTRODUCTION
Relativistic particles coupled to a constant electro-magnetic (EM) field enjoy symmetries
that extend the usual Poincare´ algebra symmetries [1], in this case the Lorentz generators
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2Mµν where µ, ν = 0, 1 · · ·D, that preserve the given EM field span a two dimensional abelian
group. Associating degrees of freedom to the constant EM field, one obtains a non-central
extension of the Poincare´ algebra generated by Mµν and Pµ, by an anti-symmetric tensor
generator Zµν . The resulting algebra has been called the Maxwell algebra in [2]. The
generators of space-time translations become non-commuting, with commutators given by
[Pµ, Pν ] = iZµν , (1)
with Zµν commuting with all Pµ’s and among themselves. Of course, being a tensor the
charges Zµν do not commute with the Lorentz generators: they transform covariantly under
the Lorentz group. Therefore these charges are central for the translation group but not
for the Poincare´ group. Physically the Maxwell algebra was introduced as the symmetry of
the covariant solutions of the Klein-Gordon field in a homogeneous classical electromagnetic
field. The Maxwell group has been studied further, for example, in [3–5]. The motion of
a relativistic particle in a generic EM constant field, not fixed, was studied in [6] assuming
the Maxwell group as the symmetry of the model. It was also noticed that there are infinite
extensions of the Maxwell algebra that are the symmetries of a particle in a generic EM
field. The mathematical structure of these algebras has been elucidated in [7] as a Free Lie
algebra generated by the space-time translations generators Pµ’s.
The motion of a non relativistic (NR) particle in a constant fixed EM field was considered
in [8]. The non-relativistic Maxwell algebras were studied in [3, 9, 10]. There are two types
of NR Maxwell algebras that were obtained as magnetic and electric limit of the EM field.
They are related to the two types of Galilean electromagnetism introduced in [11]. In
an algebraic way they correspond to two type of inequivalent contractions of the Maxwell
algebra. Contractions of Lie groups and Lie algebras were introduced in [12, 13].
Investigating the possible non-relativistic symmetry algebras is relevant for obtaining
physical models with non-relativistic invariances. Beyond point particle dynamics, one can
also consider realisations that lead to non-relativistic gravities [15–26] or even symmetries
of extended objects such as strings and branes [27–32]
In this paper we will study all the possible k-contractions also known as k − 1-brane
contractions of the Maxwell algebra. Here k has to do with the number of space-time
dimensions one is contracting, or scaling (see later for a more precise definition). We will be
interested only in solutions leading to a non abelian algebra of the momenta. In fact, from
3a physical point of view, only in this case the charges Zµν lead to an interpretation in terms
of an EM field [6]. Therefore, we will define the case where the algebra of the momenta is
abelian as a trivial one. In the trivial cases the algebraic structure is that of the contracted
Poincare´ algebra plus a set of charges with various behaviour with respect to the contracted
boosts.
The magnetic and electric NR limits of the Maxwell equations studied in [11] are related to
to two particular cases of the k = 1 contraction. These two different cases of non relativistic
limit give rise to two different ways of performing the contraction, the magnetic and the
electric contractions. When the magnetic field scales faster to infinity than the electric,
we speak of a magnetic non-relativistic limit. In the opposite case, one speaks of electric
non-relativistic limit. We will examine k contractions of the Galilei and of the Carroll [14]
case. The two cases differ because in the Galilei case we scale k space variables, whereas for
Carroll we scale the time variable plus k-1 space variables. For a generic k-contraction, in
both cases we find 8 non trivial inequivalent contractions. With respect to the magnetic and
electric cases we find 3 magnetic and 2 electric solutions, whereas in the remaining 3, the
electric and the magnetic fields are scaled in the same way. In the particular case of k = 1
for the Galilei case there are only 3 non trivial solutions. These 3 cases are one electric, one
magnetic and one with equal scaling.
The contracted Maxwell algebras we found can have interesting extensions. If we would
like to obtain these algebras by contraction we will need to enlarge the Maxwell algebra. In
the case of three dimensions for k=1 these were studied in [21] by introducing U(1) factors.
In this paper we will not consider the general situation.
In the Carroll case all the 8 solutions are present for k = 1. However, for k = D, the
situation is similar to Galilei for k = 1, that is, only 3 solutions lead to a non-abelian algebra
of the momenta. On the other hand, all these solutions are now of an electric type.
This paper is organised as follows: in Section II we resume our method to obtain the
contractions of the Poincare´ group (see [33]). Furthermore we introduce the most general
contractions (or scaling) of the charges Zµν compatible with the rotational invariance. The
contractions of the charges depend on three exponents. The determination of these three
parameters is going to fix the non trivial inequivalent solutions for the contractions of the
Maxwell algebra with no central charges, both in the Galilei and in the Carroll cases. In
Section III we study the k-contractions of the Galilei type leading to non trivial contractions.
4In Section IIIA we study these contracted algebras in coordinate space giving the explicit
expressions for the generators of the contracted generators. An analogous study is done in
Sections IV and IVA for the Carroll case. Conclusions are in Section V. In the Appendix
A we discuss the equivalence of two possible contractions for the Galilei case, but the same
argument can be applied to Carroll. In Appendix B we prove that the definitions used for
the contracted charges are the most general compatible with the rotational invariance.
II. DESCRIPTION OF THE k-CONTRACTIONS
In this Section we will study the k-contractions of Galilei and Carroll type of the Maxwell
algebra. In the case of the Poincare´ algebra this was done in [33]. The Maxwell algebra
in D + 1 space-time dimensions has (D + 1)2 generators: Mµν , Pµ, Zµν , with commutation
relations [2]
[Mµν ,Mρσ] = i(ηµρMνσ + ηνσMµρ − ηµσMνρ − ηνρMµσ),
[Mµν , Pρ] = i(ηµρPν − ηνρPµ),
[Pµ, Pν ] = iZµν ,
[Mµν , Zρσ] = i(ηµρZνσ + ηνσZµρ − ηνρZµσ − ηµσZνρ),
[Zµν , Zρσ] = [Zµν , Pρ] = 0, (2)
with ηµν = (−; +, · · · ,+) and µ, ν = 0, 1, ..., D.
A property that will be useful in the following is that the Maxwell algebra is invariant
under the following rescaling
Mµν → α0Mµν , Pµ → α1P µ. Zµν → α2Zµν , (3)
the exponents of the scaling of the generators correspond to the level of the generators in
the Free Lie algebra description of Maxwell algebras [7]. The generator of this scaling is the
generator D of the dilatations.
Since the momenta are not commuting, the quadratic Casimir P 2 is modified [2], see also
[5] [34]. Its expression is:
C2 = P
2 +MµνZ
µν . (4)
In order to define the k contractions of the Maxwell algebra we proceed as in [33] by
partitioning the D + 1 dimensional space-time in a k dimensional Minkowskian part and in
5a D + 1 − k dimensional Euclidean one (for the case k = 1 see also [3, 21]) by introducing
the following set of labels for the space-time coordinates
α, β = 0, 1, · · · , k − 1, ηαβ = (−; +, · · · ,+),
a, b = k, · · · , D, ηab = (+,+, · · · ,+). (5)
Let us recall how the k-contractions have been defined in [33, 35] for the Poincare´ case, (see
also [29–31]). We have to consider the following two subgroups of ISO(1, D): the Poincare´
subgroup in k dimensions, ISO(1, k − 1) and the euclidean group of roto-translations in
D + 1− k dimensions, generated respectively by
ISO(1, k − 1) : Mαβ, Pα, α, β = 0, 1, · · · , k − 1, (6)
ISO(D + 1− k) : Mab, Pa, a, b = k, · · · , D. (7)
In these notations the generators of ISO(1, D) are
ISO(1, D) : Mαβ, Mab, Pα, Pa, Mαb ≡ Bαb. (8)
Note that the boosts Bαb connect the two subalgebras.
In [33] we have considered two types of contractions, both at the level of the Poincare´
algebra and at the level of the invariant vector fields . These contractions generalise the
Carroll [14, 36–38] and the Galilei algebras [39] [27–31] [32, 40, 41]. We note that we will
be interested in the cases of Galilei and Carroll symmetries with no central charges.
At the Lie algebra level the contractions are made on the momenta and on the boosts as
follows
Galilei : P˜a =
1
ω
Pa, B˜αa =
1
ω
Bαa, (9)
Carroll : P˜α =
1
ω
Pα, B˜αa =
1
ω
Bαa. (10)
and taking the limit ω → ∞. The tilde generators will be the ones associated to the
”non-relativistic” algebras. The resulting algebra is
Galilei : [B˜αa, B˜βc] = 0, [B˜αa, P˜β] = iηαβP˜a, [B˜αa, P˜b] = 0, (11)
Carroll : [B˜αa, B˜βb] = 0, [B˜αa, P˜β] = 0, [B˜αa, P˜b] = −iηabP˜α. (12)
6Since the Poincare´ algebra is invariant under a global rescaling of the momenta, the
previous definition of the contractions is equivalent to:
Galilei : P˜α = ωPα, B˜αa =
1
ω
Bαa, (13)
Carroll : P˜a = ωPa, B˜αa =
1
ω
Bαa. (14)
In the Maxwell case we have seen that the algebra is invariant under the rescaling given in
eq. (3). It follows that also in this case the contractions defined in eqs. (13) and (14) are
equivalent to the ones in eqs. (9) and (10). An explicit proof for the Galilei case is given in
Appendix A. This proof can be simply extended to the Carroll case
We will complete the k-contraction of the Maxwell algebra through the following definition
of the contracted charges Zµν that will be used both in the Galilei and the Carroll case:
Z˜ab = ω
tZab, Z˜aα = ω
rZaα, Z˜αβ = ω
sZαβ. (15)
This definition of the contracted charges is unique if we want to preserve the covariance in
the Minkowski and in the Euclidean sectors of the space-time.
Let us note that the possible values of the three exponents t, r, s will fix the possible
contractions for the Maxwell algebra.
In the following two Sections we will consider the Galilei and the Carroll cases separately.
III. CLASSIFICATION OF THE k-CONTRACTIONS FOR THE GALILEI CASE
In this Section we will determine the values of the exponents t, r, s of eq. (15) leading to
a finite contracted algebra in the limit ω →∞. The relevant commutators to be considered
to this end are the following:
[P˜a, P˜b] =
i
ω2
Zab =
i
ωt+2
Z˜ab → t+ 2 ≥ 0, (16)
[P˜a, P˜α] =
i
ω
Zaα =
i
ωr+1
Z˜aα → r + 1 ≥ 0, (17)
[P˜α, P˜β] = iZαβ =
i
ωs
Z˜αβ,→ s ≥ 0, (18)
where we have used (13) and (15). Let us note that whenever one of the exponents, t, r, s is
strictly greater than the values obtained in the previous equations, the commutators of the
7corresponding momenta vanish in the limit ω →∞, that is
t > −2→ [P˜a.P˜b] = 0,
r > −1→ [P˜a.P˜α] = 0.
s > 0→ [P˜α.P˜β] = 0. (19)
Therefore, the contractions corresponding to all the values of the exponents t, r, s greater
than the previous values are trivial, in the sense specified in the Introduction.
Let us now consider the commutators of the boosts with the tensor charges. We have:
[B˜αa, Z˜bc] =
1
ω1−t
[Bαa, Zbc] =
i
ω1−t+r
(
ηacZ˜αb − ηabZ˜αc
)
→ 1− t+ r ≥ 0, (20)
[B˜αa, Z˜bβ] =
1
ω1−r
[Bαa, Zbβ] = − i
ω1−r
(
ηαβω
−tZ˜ab + ηabω−sZ˜αβ
)
→ 1−r+t ≥ 0, 1−r+s ≥ 0,
(21)
[B˜αa, Z˜βγ] =
1
ω1−s
[Bαa, Zβγ] =
i
ω1−s
(
ηαβω
−rZ˜aγ − ηαγω−rZ˜aβ
)
→ 1 + r − s ≥ 0, (22)
It follows:
−1 ≤ r − t ≤ +1, − 1 ≤ r − s ≤ +1. (23)
The allowed regions for the parameters are shown in Fig. 1, and are the ones to the right
of the vertical lines, t = −2 and s = 0, in the upper part of the horizontal line r = −1 and
in between the two diagonal lines:
-3 -2 -1 1 2 3
-3
-2
-1
1
2
3
-3 -2 -1 1 2 3
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2
3r r
t s
r
FIG. 1: The lines delimiting regions allowed for the contractions in the Galilei case. In the left-
panel, r vs. t. In the right one, r vs. s.
8By inspection it is easy to find all the solutions leading to non vanishing commutators
among all the momenta. We find 8 solutions that are listed in Table I. Note that these 8
solutions reduce to 3 non-trivial ones, in the case k = 1, due to the vanishing of the tensor
Z˜αβ. For all the other values of the triple t, r, s the algebra of the momenta becomes abelian.
Of course, there are infinite trivial solutions with the tensor charges having different
commutation relations with the boosts B˜αa and with M˜ab and M˜αβ.
Notice that it is possible to obtain non-vanishing commutators of the tensor charges
with the boosts, whenever the parameters t, r, s are at the borders of the regions inside the
diagonal lines in Fig. 1. Without entering into a very detailed discussion, we list the four
possibilities of having at least one commutator of the boosts with the charges different from
zero:
r − t = −1
[B˜αa, Z˜bc] = i
(
ηacZ˜αb − ηabZ˜αc
)
≡ C1αa;bc, (24)
r − t = +1, r − s 6= 1
[B˜αa, Z˜bβ] = −iηαβZ˜ab ≡ C2αa;bβ, (25)
r − s = +1, r − t 6= 1
[B˜αa, Z˜bβ] = −iηabZ˜αβ ≡ C3αa;bβ, (26)
r − s = −1
[B˜αa, Z˜βγ] = i
(
ηαβZ˜aγ − ηαγZ˜aβ
)
≡ C4αa;βγ. (27)
In Table I we also list the relevant commutators for the 8 solutions of the exponents t, r, s.
where the coefficients Ci are given in eqs. (24)−(27).
In the case k = 1 the only non trivial inequivalent contractions, in the sense that they
lead to a non abelian algebra of the momenta, are those corresponding to the solutions 1),
2) and 4).
We are now in the position to analyse in a more detailed way the so called magnetic and
electric contractions that we discussed in the Introduction. In the case k = 1, we have the
following charges: Zab and Za0 corresponding respectively to magnetic and electric fields. In
the usual way of discussing the non relativistic limit, one scales the finite charges. In our
case the finite charges are the tilde ones. Therefore we need to consider the limit ω →∞ of
the expressions
Zab = ω
−tZ˜ab, Za0 = ω−sZ˜a0. (28)
9TABLE I: The commutators for the inequivalent k contractions of Galilei type of the Maxwell
algebra
n0 t r s r − t r − s [P˜a, P˜b] [P˜α, P˜a] [P˜α, P˜β] [B˜αa, Z˜bc] [B˜αa, Z˜bβ] [B˜αa, Z˜βγ ]
1 -2 -1 0 +1 -1 iZ˜ab iZ˜αa iZ˜αβ 0 C
2
αa;bβ C
4
αa;βγ
2 -1 -1 0 0 -1 0 iZ˜αa iZ˜αβ 0 0 C
4
αa;βγ
3 -1 0 0 +1 0 0 0 iZ˜αβ 0 C
2
αa;bβ 0
4 0 -1 0 -1 -1 0 iZ˜αa iZ˜αβ C
1
αa;bc 0 C
4
αa;βγ
5 0 0 0 0 0 0 0 iZ˜αβ 0 0 0
6 0 1 0 +1 +1 0 0 iZ˜αβ 0 C
2
αa;bβ + C
3
αa;bβ 0
7 1 0 0 -1 0 0 0 iZ˜αβ C
1
αa;bc 0 0
8 1 1 0 0 +1 0 0 iZ˜αβ 0 C
3
αa;bβ 0
We obtain the magnetic case when −t > −r and the electric case in the opposite case. In
other words, the magnetic and the electric case are discriminated by the values of r− t. By
looking at Table I we see that this quantity may assume three values, ±1 and 0, magnetic
case corresponding to r − t = +1 and the electric case to r − t = −1. However we see that
another case is possible, namely the case where electric and magnetic field scale in the same
way. This will be called the EM case.
By extension, also for k 6= 1 we will define magnetic, electric and EM the cases corre-
sponding to the three possible values of r − t. In the case k = 1 we have only three non
trivial contractions of all the three types. For a generic k, there are three magnetic solutions,
two electric and three EM.
A. k-contractions in configuration space
We will now consider the k-contractions in the configuration space spanned by the coor-
dinates of the coset space Maxwell/Lorentz,. The generic element of the coset space will be
written as (see ref. [6])
g = eiPµx
µ
e
i
2
Zµνθµν , (29)
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with θµν = −θνµ. Therefore, our configuration space will be parameterised by xµ and θµν .
The vector fields generating the Lorentz group transformations are given by:
Mµν = i (xµ
∂
∂xν
− xν ∂
∂xµ
+ θµ
λ ∂
∂θνλ
− θνλ ∂
∂θµλ
), (30)
whereas the vector fields corresponding to Zµν and Pµ are (see ref. [6])
Zµν = −i ∂
∂θµν
,
Pµ = −i ( ∂
∂xµ
− 1
2
xν
∂
∂θµν
).. (31)
We note that the vector fields of eqs. (30) and (31) are the so-called right-invariant vector
fields generating the opposite Maxwell algebra, implying that the right hand side of the
commutation relations has the opposite sign.
The contractions on the coordinates are obtained by the inverse scaling with respect to
the corresponding generators, that is, in the Galilei case:
x˜a = ωxa, θ˜ab = ω−tθab, θ˜αa = ω−rθαa, θ˜αβ = ω−sθαβ, (32)
Using eqs. (30), (31) and (32) we find
Z˜µν = −i ∂
∂θ˜µν
, (33)
P˜a = −i ( ∂
∂x˜a
− 1
2(ω2+t)
x˜b
∂
∂θ˜ab
− 1
2(ω1+r)
x˜β
∂
∂θ˜aβ
), (34)
P˜α = −i ( ∂
∂x˜α
− 1
2(ω1+r)
x˜b
∂
∂θ˜αb
− 1
2(ωs)
x˜β
∂
∂θ˜αβ
), (35)
B˜αa = i
(
x˜α
∂
∂x˜a
− θ˜
. b
a
ω1+r−t
∂
∂θ˜αb
− θ˜
. β
a
ω1−r+s
∂
∂θ˜αβ
+
θ˜. bα
ω1−r+t
∂
∂θ˜ab
+
θ˜. βα
ω1−s+r
∂
∂θ˜aβ
)
, (36)
M˜αβ = Mαβ(x→ x˜, θ → θ˜), (37)
M˜ab = Mab(x→ x˜, θ → θ˜), (38)
(39)
In the following Table II we give the expressions of the generators of the contracted
algebra for the 8 solutions we previously found.
With this Table we conclude the classification of the k-contractions of the Maxwell algebra
with no central charges for the Galilei case.
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TABLE II: The generators of the contracted Maxwell algebras in configuration space
n0 t r s r − t r − s P˜a P˜α B˜aα
1 -2 -1 0 +1 -1 −i ( ∂∂x˜a − 12 x˜µ ∂∂θ˜aµ ) −i (
∂
∂x˜α − 12 x˜µ ∂∂θ˜αµ ) i
(
x˜α
∂
∂x˜a + θ˜
. b
α
∂
∂θ˜ab
+ θ˜. βα
∂
∂θ˜aβ
)
2 -1 -1 0 0 -1 −i ( ∂∂x˜a − 12 x˜β ∂∂θ˜aβ ) −i (
∂
∂x˜α − 12 x˜µ ∂∂θ˜αµ ) i
(
x˜α
∂
∂x˜a + θ˜
. β
α
∂
∂θ˜aβ
)
3 -1 0 0 +1 0 −i ∂∂x˜a −i( ∂∂x˜α − 12 x˜β ∂∂θ˜αβ ) i
(
x˜α
∂
∂x˜a + θ˜
. b
α
∂
∂θ˜ab
)
4 0 -1 0 -1 -1 −i( ∂∂x˜a − 12 x˜β ∂∂θ˜aβ ) −i (
∂
∂x˜α − 12 x˜µ ∂∂θ˜αµ ) i
(
x˜α
∂
∂x˜a − θ˜. ba ∂∂θ˜αb + θ˜. βα
∂
∂θ˜aβ
)
5 0 0 0 0 0 −i ∂∂x˜a −i( ∂∂x˜α − 12 x˜β ∂∂θ˜αβ ) ix˜α
∂
∂x˜a
6 0 1 0 +1 +1 −i ∂∂x˜a −i( ∂∂x˜α − 12 x˜β ∂∂θ˜αβ ) i
(
x˜α
∂
∂x˜a − θ˜. βa ∂∂θ˜αβ + θ˜. bα
∂
∂θ˜ab
)
7 1 0 0 -1 0 −i ∂∂x˜a −i( ∂∂x˜α − 12 x˜β ∂∂θ˜αβ ) −i
(
−x˜α ∂∂x˜a + θ˜. ba ∂∂θ˜αb
)
8 1 1 0 0 +1 −i ∂∂x˜a −i( ∂∂x˜α − 12 x˜β ∂∂θ˜αβ ) i
(
x˜α
∂
∂x˜a − θ˜. βa ∂∂θ˜αβ
)
IV. CLASSIFICATION OF THE k-CONTRACTIONS FOR THE CARROLL
CASE
We will now examine the Carroll case. The k-contraction is defined by eq. (10)
P˜α =
1
ω
Pα, B˜αa =
1
ω
Bαa. (40)
The other possibility of contractions as in eq. (14) can be shown to give the same results,
following the same lines discussed in Appendix A for the Galilei case.
The relevant commutation relations for the Carroll generators are
[B˜αa, B˜βb] = 0, [B˜αa, P˜β] = 0, [B˜αa, P˜b] = −iηabP˜α. (41)
We define the contracted tensor charges as in the Galilei case:
Z˜ab = ω
tZab, Z˜aα = ω
rZaα, Z˜αβ = ω
sZαβ. (42)
Again, in order to get a well defined contracted algebra we impose the following requirements:
[P˜a, P˜b] = iZab =
i
ωt
Z˜ab → t ≥ 0, (43)
[P˜a, P˜α] =
i
ω
Zaα =
i
ωr+1
Z˜aα → r + 1 ≥ 0, (44)
12
[P˜α, P˜β] =
i
ω2
Zαβ =
i
ωs+2
Z˜αβ,→ s+ 2 ≥ 0. (45)
As for the commutators of the Carroll boosts with the tensor charges we get the same results
as in eqs. (20), (21) and (22):
[B˜αa, Z˜bc] =
1
ω1−t
[Bαa, Zbc] =
i
ω1−t+r
(
ηacZ˜αb − ηabZ˜αc
)
→ 1− t+ r ≥ 0, (46)
[B˜αa, Z˜bβ] =
1
ω1−r
[Bαa, Zbβ] = − i
ω1−r
(
ηαβω
−tZ˜ab + ηabω−sZ˜αβ
)
→ 1−r+t ≥ 0, 1−r+s ≥ 0,
(47)
[B˜αa, Z˜βγ] =
1
ω1−s
[Bαa, Zβγ] =
i
ω1−s
(
ηαβω
−rZ˜aγ − ηαγω−rZ˜aβ
)
→ 1 + r − s ≥ 0, (48)
from which
−1 ≤ r − t ≤ +1, − 1 ≤ r − s ≤ +1. (49)
The allowed regions are shown in Fig. 2, and are the ones to the right of the vertical lines,
t = 0 and s = −2, the one in the upper part of the horizontal line r = −1 and in between
the two diagonal lines.
st
rr
FIG. 2: The lines delimiting regions allowed for the contractions in the Carroll case. In the left-
panel, r vs. t. In the right one, r vs. s.
From this we conclude that the non trivial solutions of the previous inequalities for the
exponents t, r, s of this case, can be obtained by looking at the solutions for the Galilei case
with the exchange s↔ t. Therefore we can use the Table I of the Galilei case, by performing
the substitution s with t. At the same time, it is clear from eqs. (43) and (45) that we
need to perform the exchange Z˜ab ↔ Z˜αβ, and of the corresponding commutators among the
13
TABLE III: The commutators for the inequivalent k contractions of Carroll type of the Maxwell
algebra
n0 s r t r − s r − t [P˜a, P˜b] [P˜α, P˜a] [P˜α, P˜β] [B˜αa, Z˜bc] [B˜αa, Z˜bβ] [B˜αa, Z˜βγ ]
1 -2 -1 0 +1 -1 iZ˜ab iZ˜αa iZ˜αβ C
1
αa;bc C
3
αa;bβ 0
2 -1 -1 0 0 -1 iZ˜ab iZ˜αa 0 C
1
αa;bc 0 0
3 -1 0 0 +1 0 iZ˜ab 0 0 0 C
3
αa;bβ 0
4 0 -1 0 -1 -1 iZ˜ab iZ˜αa 0 C
1
αa;bc 0 C
4
αa;βγ
5 0 0 0 0 0 iZ˜ab 0 0 0 0 0
6 0 1 0 +1 +1 iZ˜ab 0 0 0 C
2
αa;bβ + C
3
αa;bβ 0
7 1 0 0 -1 0 iZ˜ab 0 0 0 0 C
4
αa;βγ
8 1 1 0 0 +1 iZ˜ab 0 0 0 C
2
αa;bβ 0
momenta, in Table I. Also, exchanging s with t the differences r− t and r−s are exchanged,
implying a corresponding change in the commutators with the boosts, according to the eqs.
(24)−(27). Taking everything into account, we obtain the Table III.
We note that contrarily to the Galilei case, where for k = 1 only 3 non trivial solutions
were surviving, in the Carroll case, for k = 1 all the 8 solutions are non trivial. However. in
the present case the non trivial solutions reduce to 3 for k = D, since then Zab = 0.
As for the electric and magnetic behaviour, in the Carroll case there are 3 electric solu-
tions, 2 magnetic and 3 EM. Therefore the number of the electric and magnetic solutions
are exchanged with respect to the Galilei case. In ref. [38] only the electric and magnetic
case were considered for k = 1
A. Configuration space
The contracted variables in configuration space are:
x˜α = ωxα, θ˜ab = ω−tθab, θ˜αa = ω−rθαa, θ˜αβ = ω−sθαβ, (50)
and the expressions for the generators are:
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Z˜µν = −i ∂
∂θ˜µν
, (51)
P˜a = −i ( ∂
∂x˜a
− 1
2(ωt)
x˜b
∂
∂θ˜ab
− 1
2(ω1+r)
x˜β
∂
∂θ˜aβ
), (52)
P˜α = −i ( ∂
∂x˜α
− 1
2(ω1+r)
x˜b
∂
∂θ˜αb
− 1
2(ω2+s)
x˜β
∂
∂θ˜αβ
), (53)
B˜αa = i
(
−x˜a ∂
∂x˜α
− θ˜
. b
a
ω1+r−t
∂
∂θ˜αb
− θ˜
. β
a
ω1−r+s
∂
∂θ˜αβ
+
θ˜. bα
ω1−r+t
∂
∂θ˜ab
+
θ˜. βα
ω1−s+r
∂
∂θ˜aβ
)
, (54)
M˜αβ = Mαβ(x→ x˜, θ → θ˜), (55)
M˜ab = Mab(x→ x˜, θ → θ˜), (56)
(57)
In Table IV we give the expressions for the generators in configuration space for the
various solutions. This concludes the classification of the k-contractions of the Maxwell
algebra with no central charges in the Carroll case
TABLE IV: The generators of the contracted Maxwell algebras in configuration space for the
Carroll case
n0 s r t r − s r − t P˜a P˜α B˜aα
1 -2 -1 0 +1 -1 −i ( ∂∂x˜a − 12 x˜µ ∂∂θ˜aµ ) −i (
∂
∂x˜α − 12 x˜µ ∂∂θ˜αµ ) −i(x˜a
∂
∂x˜α + θ˜
. b
a
∂
∂θ˜αb
+ θ˜. βa
∂
∂θ˜αβ
)
2 -1 -1 0 0 -1 −i ( ∂∂x˜a − 12 x˜µ ∂∂θ˜aµ ) −i(
∂
∂x˜α − 12 x˜b ∂∂θ˜αb ) −i
(
x˜a
∂
∂x˜α + θ˜
. b
a
∂
∂θ˜αb
)
3 -1 0 0 +1 0 −i
(
∂
∂x˜a − 12 x˜b ∂∂θ˜ab
)
−i ∂∂x˜α i
(
−x˜a ∂∂x˜α − θ˜. βa ∂∂θ˜αβ
)
4 0 -1 0 -1 -1 −i( ∂∂x˜a − 12 x˜µ ∂∂θ˜aµ ) −i
(
∂
∂x˜α − 12 x˜b ∂∂θ˜αb
)
−i
(
x˜a
∂
∂x˜α + θ˜
. b
a
∂
∂θ˜αb
− θ˜. βα ∂∂θ˜aβ
)
5 0 0 0 0 0 −i
(
∂
∂x˜a − 12 x˜b ∂∂θ˜ab
)
−i ∂∂x˜α −ix˜a ∂∂x˜α
6 0 1 0 +1 +1 −i
(
∂
∂x˜a − 12 x˜b ∂∂θ˜ab
)
−i ∂∂x˜α i
(
−x˜a ∂∂x˜α − θ˜. βa ∂∂θ˜αβ + θ˜. bα
∂
∂θ˜ab
)
7 1 0 0 -1 0 −i
(
∂
∂x˜a − 12 x˜b ∂∂θ˜ab
)
−i ∂∂x˜α −i
(
x˜a
∂
∂x˜α − θ˜. βα ∂∂θ˜aβ
)
8 1 1 0 0 +1 −i
(
∂
∂x˜a − 12 x˜b ∂∂θ˜ab
)
−i ∂∂x˜α i
(
−x˜a ∂∂x˜α + θ˜. bα ∂∂θ˜ab
)
15
V. CONCLUSIONS AND OUTLOOK
In this paper we have studied the non trivial k-contractions of the relativistic Maxwell
algebra. The peculiarity of this algebra is to give rise to non commuting momenta, which in
physical terms correspond to the presence of a constant EM field expressed by the right hand
side of the momenta commutators. Therefore, we have defined as trivial all the contractions
leading to abelian momenta. In both types of contractions, Galilei and Carroll, we have
found 8 non trivial k-contractions. In the Galilei type of contractions for k = 1 there are
only 3 non trivial solutions due the fact that the charges Zαβ are vanishing. In the Carroll
case this does not happen for k = 1, but rather for k = D, in which case the charges Zab
are vanishing.
We have also studied the solutions from the point of view of the electric and magnetic
properties. Recalling that for k = 1 the charges Zab are associated with a magnetic field,
whereas the charges Za0 with an electric one, we have followed the literature, defining these
properties according to the difference r − t, where r and t are the exponents of the scaling
of Zaα and Zab respectively. More precisely we call magnetic the solutions with a positive
value of r− t. It turns out that the non trivial contractions have r− t = ±1, 0, showing that
besides the magnetic and electric contractions there is another type with the fields scaled in
the same way. We have called these solutions the EM solutions.
TABLE V: The non trivial k-contractions for Galilei and Carroll according to their magnetic and
electric properties. In parenthesis the non trivial solutions for k = 1 in the Galilei case and for
k = D for Carroll.
Magnetic: r − t = +1 Electric: r − t = −1 EM: r − t = 0
Galilei (1), 3, 6 (4), 7 (2), 5, 8
Carroll 6, 8 (1, 2, 4) 3, 5, 7
In Table V we summarise the solutions we found with respect to their electric and mag-
netic properties. In the Galilei case we have found 3 magnetic solutions, 2 electric and 3
EM. The situation is somewhat inverted for Carroll. In fact, in this case we find 2 magnetic,
3 electric and 3 EM solutions. The solutions enclosed in parenthesis in the Table are the non
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trivial ones for k = 1 for Galilei and h = D for Carroll. Whereas in the first case the three
solutions all have different electromagnetic properties, being one magnetic, one electric and
one EM. On the contrary, for Carroll all the 5 non trivial solutions for k = D are of the
electric type.
For the future it would be interesting to find the extensions of the k-contracted algebras
we have found in this paper. One should generalize the results of the case k=1 in three
dimensions [21], where the relativistic Maxwell algebra was enlarged with U(1) factors
It will also be interesting to perform the k-contractions of the Maxwell algebras of refer-
ence [6, 7] and compute their extensions.
From a physical point of view it will be interesting to construct NR gravities associated
with the algebras we have found and look for NR dynamical objects that can be coupled to
them. These objects could be useful to study strongly coupled systems in condensed matter
using NR holography [42] [43]. Also the contracted algebras obtained from the Maxwell
algebra, could be useful for building NR models of matter interacting with constant EM
fields.
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VI. APPENDIX A - EQUIVALENT DESCRIPTION OF THE GALILEI TYPE
k-CONTRACTIONS
Since the Poincare´ algebra is invariant under a global rescaling of the momenta, the
previous definition of the contractions is equivalent to:
Galilei : P˜α = ωPα, B˜αa =
1
ω
Bαa. (58)
These two types of contractions are not equivalent in the case of the Maxwell algebra, since
this is not invariant under a full rescaling of the momenta. However, performing a rescaling
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of the charges by a factor ω−2 we recover the Maxwell algebra. We can easily show that
there are no other equivalent solutions, except fo the ones found in Table I, if we perform
the scaling of eq. (58). In this case we define
Z˜ab = ω
t′Zab, Z˜aα = ω
r′Zaα, Z˜αβ = ω
s′Zαβ. (59)
Then, from the commutation rules of the scaled momenta we get:
[P˜a, P˜b] = iZab =
i
ωt′
Z˜ab → t′ ≥ 0, (60)
[P˜a, P˜α] = iωZaα =
i
ωr′−1
Z˜aα → r′ − 1 ≥ 0, (61)
[P˜α, P˜β] = iω
2Zαβ =
i
ωs′−2
Z˜αβ,→ s′ − 2 ≥ 0. (62)
Translating all the exponents by 2:
t′ = t+ 2, r′ = r + 2, s′ = s+ 2, (63)
we recover for t, r, s the conditions given in eq. (19). Considering that the scaling of the
boosts is the same in the two cases we are considering, we obtain for the exponents t′, r′, s′
the same conditions we obtained for t, r, s in eq. (23). Since these conditions depend only on
the differences t′ − r′ and r′ − s′, we get the same result for the translated exponents. This
shows that also in this case we get the same 8 solutions given in Table I, the only difference
being the overall translation of the exponent by 2.
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